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Abstract. Recent work giving a classification of kinematic and vorticity conservation laws
of compressible fluid flow with barotropic equations of state (where pressure is a function
only of the fluid density) in n > 1 spatial dimensions is extended to general non-isentropic
equations of state in which the pressure is also a function of the dynamical entropy (per
unit mass) of the fluid. Two main results are obtained. First, we find that apart from the
familiar conserved integrals for mass, momentum, energy, angular momentum and Galilean
momentum, and volumetric entropy, additional kinematic conserved integrals arise only for
non-isentropic equations of state given by a generalized form of the well-known polytropic
equation of state with dimension-dependent exponent γ = 1 + 2/n, such that the propor-
tionality coefficient is an arbitrary function of the entropy (per unit mass). Second, we show
that the only vorticity conserved integrals consist of a circulatory entropy (which vanishes
precisely when the fluid flow is irrotational) in all even dimensions. In particular, the vor-
ticity integrals for helicity in odd dimensions and enstrophy in even dimensions are found
to be no longer conserved for any non-isentropic equation of state.
1. Introduction and summary
The mathematical study of n-dimensional fluid flow has attracted rising interest in the
past few decades, encompassing work on symmetries and conservation laws [21, 13, 14],
Hamiltonian structures [25], Casimir invariants [22, 12, 15], and other group-theoretic aspects
of the n-dimensional Eulerian fluid equations [7, 8, 9]. Further results in the special case of
n = 1 dimension appear in [23, 24, 20].
In a recent contribution [5], we undertook a systematic study of local conservation laws for
the Euler equations governing isentropic compressible fluid flow in n > 1 spatial dimensions,
where the pressure of the fluid is a function of the fluid density as given by some barotropic
equation of state, while the entropy (per unit mass) of the fluid is constant throughout
the fluid domain. Our results fully settled the problem of finding all n-dimensional local
continuity equations in two cases of primary interest: kinematic conservation laws, like
mass, momentum and energy, for which the conserved density and spatial flux involve only
the fluid velocity, density and pressure, in addition to the time and space coordinates; and
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vorticity conservation laws, such as helicity in three dimensions as well as circulation and
enstrophy in two dimensions, where the conserved density and spatial flux have an essential
dependence on the curl of the fluid velocity. These two classes of conservation laws comprise
all of the local continuity equations known to-date for isentropic compressible fluid flow in
n > 1 dimensions.
The present paper extends this work to non-isentropic adiabatic compressible fluid flow
in which the entropy (per unit mass) is conserved only along streamlines and the pressure is
given by an equation of state in terms of both the fluid density and entropy. In particular, we
explicitly derive all n-dimensional kinematic and vorticity conservation laws, including any
that are admitted only for special non-isentropic equations of state or in special dimensions
n > 1, with the conserved densities and spatial fluxes allowed to depend on the entropy (in
addition to the previous fluid variables).
In section 2, we begin by reviewing the formulation of necessary and sufficient equa-
tions for directly determining the conserved densities admitted by the Euler equations for
n-dimensional inviscid non-isentropic compressible fluid flow. We next verify that the physi-
cally familiar kinematic conserved integrals for mass, momentum, energy, angular momentum
and Galilean momentum in compressible fluid flow with a general isentropic equation of state
remain conserved for the n-dimensional non-isentropic Euler equations. By solving the deter-
mining equations for kinematic conserved densities in n > 1 dimensions, we then show that
the only additional conserved integrals consist of volumetric entropy in a generalized form,
plus two generalized energies arising for polytropic equations of state where the pressure is
proportional to a particular dimension-dependent power γ = 1+2/n of the density, with the
proportionality coefficient given by an arbitrary function of the entropy (per unit mass).
In section 3, we first consider the odd-dimensional helicity integral and the even-
dimensional enstrophy integral both of which are known to be conserved in n-dimensional
isentropic fluid flow [15, 5]. By examining how the corresponding local vorticity conservation
laws depend on the equation of state of the fluid, we show that the helicity and enstrophy
integrals are no longer conserved for any non-isentropic equations of state. Next we solve
the determining equations to see if there are any vorticity conserved densities in n > 1
dimensions admitted by the non-isentropic Euler equations. As a main new result, this clas-
sification yields a non-trivial conserved integral given by an underlying local conservation
law describing a circulatory entropy (which vanishes whenever the fluid is irrotational) in all
even dimensions.
Next, in section 4, we classify kinematic and vorticity constants of motion on n-dimensional
domains that move with the fluid. Such constants of motion arise from non-trivial local
conservation laws such that the net flux through the moving boundary of the domain is
zero. The main result of this classification is to show that, firstly, there are no vorticity
constants of motion and, secondly, the only kinematic constants of motion are given by
the mass integral and the volumetric entropy integral defined on any moving domain in the
fluid. We also investigate possibilities for constants of motion defined by a conserved integral
on the boundary of a moving domain, in analogy with Kelvin’s circulation integral in the
case of isentropic fluid flow in n = 2 dimensions. Such constants of motion correspond to
conservation laws satisfying the condition of zero net flux on the moving boundary but such
that the conserved density in the moving domain is locally trivial (i.e. having the form of a
spatial divergence). From our classification proofs for kinematic and vorticity conservation
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laws, we find that there are no moving-boundary constants of motion for non-isentropic
compressible fluid flow in n > 1 dimensions, in contrast to the generalized circulation integral
which exists in the isentropic case for all even dimensions as found in [5].
In section 5, we then use a Hamiltonian formulation of the non-isentropic compressible
Euler equations to classify all Hamiltonian symmetries corresponding to the kinematic and
vorticity conservation laws in n > 1 dimensions.
In section 6, based on the well-known relationship between the non-isentropic compressible
Euler equations and the equations of gas dynamics, we state a complete classification of
conservation laws of kinematic and vorticity forms for gas dynamics in n > 1 dimensions. In
this classification, the fluid equation of state gets replaced by a state function that specifies
both the speed of sound in the gas and the thermodynamic energy density of the gas in terms
of the gas pressure and density. We thereby obtain conserved integrals for mass, momentum,
energy, angular momentum and Galilean momentum, plus volumetric entropy and, in even
dimensions, circulatory entropy, holding for all state functions. The only distinguished state
function for which the gas dynamics equations admit additional conserved integrals is shown
to be the polytropic case, where the state function is proportional to the pressure, with a
particular dimension-dependent proportionality coefficient γ = 1 + 2/n.
Finally, in section 7, we summarize our classification of fluid flow conservation laws in
index notation and also list the multipliers that correspond to each non-trivial conserved
density. Proofs of the main classification theorems are given in two appendices.
An interesting question left open for future work is to extend these classifications to
conservation laws that depend on derivatives of the curl of the velocity or more generally on
higher derivatives of the velocity itself.
2. Non-isentropic compressible Euler Equations
Compressible non-isentropic fluids in Rn are described (in the absence of external forces
and viscosity) by a generalization of the Euler equations such that the equation of state for
pressure becomes a function of the entropy in addition to the density:
p = P (ρ, S), (2.1)
∂tu+ u · ∇u+
1
ρ
∇p = 0, (2.2)
∂tρ+∇ · (ρu) = 0. (2.3)
Here u(t,x) is velocity; ρ(t,x) is density; and S(t,x) is entropy (per unit mass) of the fluid
which is conserved along streamlines
∂tS + u · ∇S = 0. (2.4)
In particular when S =const. or ∂P/∂S = 0, the system (2.1)–(2.3) reduces to the case of
isentropic fluid flow studied in [5], where
p = P (ρ); (2.5)
thus the non-isentropic case is characterized by having ∂P/∂S 6≡ 0 with S being a dynamical
variable which is non-constant across streamlines.
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We will study local conservation laws of the Eulerian system (2.1)–(2.4). Similar to the
isentropic case, conservation laws of non-isentropic fluid flow are described by a local conti-
nuity equation
DtT +Dx ·X = 0 (2.6)
holding formally for all solutions of (2.1)–(2.4), where the conserved density T and spatial
flux X are some functions of t,x,u, ρ, S, and x-derivatives of u, ρ, S. Here Dt and Dx denote
total time and space derivatives respectively. In integral form, the continuity equation (2.6)
is equivalently given by
d
dt
∫
V
Tdnx = −
∫
∂V
X · nˆdn−1σ (2.7)
where V is any spatial domain in Rn through which the fluid is flowing, nˆ is the outward unit
normal and dn−1σ denotes the surface element of the domain boundary ∂V . Alternatively,
conservation laws (2.6) and (2.7) can be formulated by considering a spatial domain V (t)
that moves with the fluid. Then the spatial flux through the moving boundary ∂V (t) is
ξ = X− Tu which is related to the conserved density T by the transport equation
DtT + u ·DxT = −(∇ · u)T −Dx · ξ (2.8)
where Dt+u·Dx represents the total convective (material) derivative and ∇·u represents the
expansion or contraction of an infinitesimal volume moving with the fluid. The corresponding
integral form of a fluid conservation law in a moving domain is thereby expressed as
d
dt
∫
V (t)
Tdnx = −
∫
∂V (t)
ξ · nˆdn−1σ (2.9)
in terms of the moving-flux ξ through the domain boundary ∂V (t).
For determining conserved densities T , we note the local continuity equation (2.6) shows
that DtT must have the form of a spatial divergence Dx · (−X), where Dt is the total time
derivative evaluated on solutions of (2.1)–(2.4). Hence, necessary and sufficient equations
[10] for finding conserved densities T are given by
Eu(DtT ) = Eρ(DtT ) = ES(DtT ) = 0 (2.10)
where Eu, Eρ, ES are spatial Euler operators with respect to u, ρ, S. To-date, a complete
classification of all conserved densities T (t,x,u, ρ, S,∇u,∇ρ,∇S, . . .) has not appeared in
the literature.
Throughout, on Rn, ∇ will denote the gradient operator, while · and ∧ will respectively
denote the Euclidean inner product and exterior (antisymmetric) product.
2.1. Classification of kinematic conservation laws. For n-dimensional compressible
fluid flow, we first write down the well-known kinematic conservation laws [14, 5] for mass,
momentum, angular momentum, Galilean momentum, and energy in terms of the fluid
velocity u, density ρ and pressure p, on any spatial domain V (t) ⊂ Rn transported in the
4
fluid:
d
dt
∫
V (t)
ρdnx = 0, (2.11)
d
dt
∫
V (t)
ρudnx = −
∫
∂V (t)
pnˆdn−1σ, (2.12)
d
dt
∫
V (t)
ρu ∧ xdnx =
∫
∂V (t)
px ∧ nˆdn−1σ, (2.13)
d
dt
∫
V (t)
ρ(tu− x)dnx = −
∫
∂V (t)
tpnˆdn−1σ, (2.14)
d
dt
∫
V (t)
ρ(1
2
|u|2 + e)dnx = −
∫
∂V (t)
pu · nˆdn−1σ. (2.15)
Here e is the internal (thermodynamic) energy density defined in terms of p and ρ by
∂e
∂ρ
∣∣∣
S = const.
= ρ−2p. (2.16)
We note that equation (2.16) is equivalent to the familiar thermodynamic relation [17, 26]
d(e + p/ρ) = (1/ρ)dp holding for any adiabatic infinitesimal change dS = 0 in the state of
the fluid, where e+ p/ρ is the enthalpy.
Each of these conservation laws can be readily verified to hold using just the dynamical
Euler equations (2.2)–(2.3) for u and ρ, plus the transport equation (2.4) for S in the case of
the energy conservation law. As a consequence, the form of the conserved mass, momentum,
angular momentum, and Galilean momentum is independent of the equation of state for p,
and hence the conserved integrals (2.11), (2.12), (2.13), (2.14) are valid for non-isentropic
fluid flow. In contrast, the form of the conserved energy (2.15) explicitly depends on the
equation of state for p in terms of both ρ and S through the relation (2.16) for the internal
energy density. In particular, for fluid flow with a non-isentropic equation of state (2.1), the
internal energy density is given by
e(ρ, S) =
∫
ρ−2P (ρ, S)dρ. (2.17)
Note this defines e only up to an integration constant given by an arbitrary function of
S. Such a function f(S) contributes a term of the form ρf(S) to the energy density E =
ρ(1
2
|u|2 + e) of the fluid, and as a result, conservation of energy yields the conservation law
d
dt
∫
V (t)
ρf(S)dnx = 0. (2.18)
In the specific case f(S) = S, this conservation law (2.18) states that the volumetric entropy
is conserved in any spatial domain transported by the fluid,
d
dt
∫
V (t)
ρSdnx = 0 (2.19)
which is easy to check directly from the dynamical equations (2.3)–(2.4) for ρ and S. The
general case of the conservation law (2.18) can be understood to arise from conservation of
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volumetric entropy (2.19) by the freedom to functionally redefine the entropy S to S˜ = f(S),
preserving the form of the entropy transport equation (2.4).
The only other kinematic conservation laws known for compressible fluid flow in n > 1
dimensions are the following generalized energies [14, 5]:
d
dt
∫
V (t)
(tE − 1
2
ρu · x)dnx = −
∫
∂V (t)
p(tu− 1
2
x) · nˆdn−1σ, (2.20)
d
dt
∫
V (t)
(t2E − tρu · x + 1
2
ρ|x|2)dnx = −
∫
∂V (t)
pt(tu− x) · nˆdn−1σ, (2.21)
each holding for a polytropic equation of state
p = κρ1+2/n, κ = const. (2.22)
where
E = ρ(1
2
|u|2 + e) = 1
2
ρ|u|2 + 1
2
np (2.23)
is the polytropic energy density.
We now settle the natural questions of whether these generalized energies (2.20)–(2.21)
hold for any non-isentropic equations of state, and whether the non-isentropic compressible
fluid equations (2.1)–(2.4) admit any additional conservation laws of kinematic form
T (t,x,u, ρ, S). (2.24)
Theorem 2.1. (i) For compressible fluid flow with a general non-isentropic equation of state
(2.1), the admitted kinematic conservation laws (2.24) in any dimension n > 1 comprise a
linear combination of mass (2.11), momentum (2.12), angular momentum (2.13), Galilean
momentum (2.14), energy (2.15)–(2.17), and generalized entropy (2.18). (ii) Modulo a con-
stant shift in the pressure, the only equations of state for which additional conservation laws
(2.24) arise for non-isentropic compressible fluid flow is the polytropic case
p = κ(S)ρ1+2/n (2.25)
given in terms of an arbitrary function of the entropy, κ(S). The admitted conservation
laws consist of the similarity energy (2.20) and the Galilean energy (2.21) where e(ρ, S) =
1
2
nκ(S)ρ2/n is the internal energy density and E = ρ(1
2
|u|2 + e) = 1
2
ρ|u|2 + 1
2
np is the
polytropic energy density.
We give the proof of this classification theorem in Appendix A.
3. Vorticity conservation laws
We will start by examining conservation of the odd-dimensional helicity integral and the
even-dimensional enstrophy integral for compressible fluid flow in n > 1 spatial dimensions.
These integrals involve the spatial orientation tensor ǫ contracted into products of the curl
of the fluid velocity [5]
ω = ∇∧ u. (3.1)
The dynamical equation for ω is given by the curl of the Euler equation (2.2) for u, combined
with the identity u · ω = u · ∇u− 1
2
∇(u · u), which yields
∂tω = ∇∧ (ω · u) + σ, ∇∧ ω = 0, (3.2)
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where
σ = ∇ρ−1 ∧ ∇p, ∇∧ σ = 0. (3.3)
We note that in the case of an isentropic equation of state (2.5), this antisymmetric tensor
(3.3) vanishes identically, since ∇p = P ′(ρ)∇ρ is proportional to ∇ρ.
In odd dimensions n = 2m+ 1 ≥ 3, the integral [9]∫
V (t)
u ·̟dnx (3.4)
defines the fluid helicity on any spatial domain V (t) ⊂ Rn transported in the fluid, where
̟ = ǫ · ((∇∧ u) ∧ · · · ∧ (∇∧ u)︸ ︷︷ ︸
(n− 1)/2 times
) = ∗(ωm) (3.5)
denotes the vorticity vector of the fluid. (Here ∗ is the Hodge dual operator applied to
the rank n − 1 = 2m skew-symmetric tensor ωm.) Since ω is curl-free, and the tensor ǫ
is constant and skew-symmetric, the vorticity vector (3.5) is divergence-free and obeys the
transport equation
∂t̟ = −∇ · (̟ ∧ u) +mσ ·W, W = ∗(ω
m−1), (3.6)
with
∇ ·̟ = ∗(∇∧ ωm) = m(∇∧ ω) · ∗(ωm−1) = 0 (3.7)
obtained from (3.2) and (3.5). Now for evaluating the time derivative of the helicity integral
(3.4), we first use equations (3.6) and (2.2) to derive
∂t(u ·̟) = ∇ · (−u(u ·̟) +
1
2
̟|u|2)− ρ−1̟ · ∇p−mW · (u ∧ σ). (3.8)
We next rewrite the pressure gradient term in (3.8) by means of the identitiesW · (∇∧u) =
W · ω =̟ and ∇ ·W = (m− 1)(∇∧ ω) · ∗(ωm−2) = 0, yielding
ρ−1̟ · ∇p = ∇ · (W · (u ∧∇p)ρ−1) +W · (u ∧ σ) (3.9)
via integration by parts. We thus obtain
∂t(u ·̟) +∇ · (u(u ·̟)−
1
2
̟|u|2 +W · (u ∧ ∇p)ρ−1) = −(1 +m)W · (u ∧ σ) (3.10)
which has the form of a local continuity equation (2.6) up to the term proportional to σ on the
right-hand side. This verifies conservation of helicity in the case of isentropic compressible
fluid flow. For the general case of non-isentropic compressible fluid flow, helicity will be
conserved if and only if, for a given equation of state, the non-vanishing σ term on the right-
hand side in equation (3.10) reduces to a total spatial divergence. Necessary and sufficient
conditions for this to occur are that the spatial Euler operators Eρ, ES, Eu annihilate the σ
term.
To proceed, for a general non-isentropic equation of state p = P (ρ, S), we note ∇p =
Pρ∇ρ + PS∇S implies σ = −ρ
−2PS∇ρ ∧ ∇S = −∇eS ∧ ∇S with eS 6≡ 0, where e is the
internal (thermodynamic) energy density (2.17) defined in terms of P (ρ, S). Hence, the
antisymmetric tensor (3.3) in the non-isentropic case is given by the curl
σ = −∇ ∧ (eS∇S). (3.11)
This allows us to rewrite the right-hand side in equation (3.10)
W · (u ∧ σ) = ∇ · (W · (u ∧ ∇S)eS)− eS∇ · (̟S) (3.12)
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via integration by parts. Similarly, we can rewrite the divergence term
∇ · (W · (u ∧∇p)ρ−1) = ∇ · (̟(ρ−1p+ e)− eSW · (u ∧ ∇S)) (3.13)
by means of the identity
∇e = eρ∇ρ+ eS∇S = −p∇ρ
−1 + eS∇S = eS∇S + ρ
−1∇p−∇(ρ−1p) (3.14)
which follows from the thermodynamic relation (2.16). The conservation equation (3.10)
thereby reduces to
DtT +Dx · (uT ) +Dx · ξ = (1 +m)eS∇ · (̟S) (3.15)
with
T = u ·̟, ξ = (ρ−1p+ e− 1
2
|u|2)̟ +meSW · (∇S ∧ u). (3.16)
We now observe the right-hand side in equation (3.15) fails to be a spatial divergence when
the fluid flow is non-isentropic, since PS 6≡ 0 implies Eρ(eS∇ · (̟S)) = eρS∇ · (̟S) =
ρ−2PS̟ · ∇S 6≡ 0. As a result, the helicity integral (3.4) obeys
d
dt
∫
V (t)
u ·̟dnx =
∫
∂V (t)
(1
2
|u|2 − ρ−1p− e)̟ · nˆdn−1σ +m
∫
∂V (t)
eSW · (∇S ∧ u ∧ nˆ)d
n−1σ
+ (1 +m)
∫
V (t)
eS∇ · (̟S)d
nx (3.17)
where the volume term depending on the function eS is not conserved for any non-isentropic
equation of state (2.1).
In even dimensions n = 2m ≥ 2, ∫
V (t)
ρf(̟/ρ)dnx (3.18)
defines the enstrophy integral [9] in terms of an arbitrary nonlinear function f of ̟/ρ, with
̟ = ǫ · ((∇∧ u) ∧ · · · ∧ (∇∧ u)︸ ︷︷ ︸
n/2 times
) = ∗(ωm) (3.19)
denoting the vorticity scalar of the fluid. (In the case when f is a linear function of ̟/ρ, the
integral (3.18) reduces to the trivially conserved circulation integral, which will be discussed
further in the next section.) The transport equation obeyed by ̟ is given by
∂t̟ = −∇ · (̟u)−mσ ·w, w = ∗(ω
m−1) (3.20)
as obtained from (3.19) and (3.2). To now evaluate the time derivative of the enstrophy
integral (3.18), we start by combining the transport equation (3.20) and the Euler equation
(2.3) to get
∂t ˜̟ = −u · ∇ ˜̟ −mρ−1w · σ, ˜̟ = ̟/ρ, (3.21)
and hence
∂t(ρf( ˜̟ )) +∇ · (uρf( ˜̟ )) = mf ′( ˜̟ )w · σ. (3.22)
Thus, in the case of isentropic compressible fluid flow, conservation of enstrophy holds due
to σ = 0. In the general case of non-isentropic compressible fluid flow, we can rewrite the
right-hand side in equation (3.22) via
w · σ = −∇ · ((w · ∇S)eS) (3.23)
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which arises from the curl expression (3.11) for the antisymmetric tensor σ and from the
divergence identity
∇ ·w = ∗(∇∧ ωm−1) = (m− 1)(∇∧ ω) · ∗(ωm−2) = 0. (3.24)
We thereby obtain, after integration by parts,
DtT +∇ · (uT ) +Dx · ξ = −meS∇ · (w · ∇Sf
′( ˜̟ )) (3.25)
with
T = ρf( ˜̟ ), ξ = −meSf ′( ˜̟ )w · ∇S, (3.26)
where f is a nonlinear function of ˜̟ . Now, we find Eρ(eS∇ · ((w · ∇S)f ′( ˜̟ ))) =
ρ−3f ′′( ˜̟ )PSw · (∇̟ ∧ ∇S) 6≡ 0 due to PS 6≡ 0, and hence the right-hand side in equa-
tion (3.25) fails to be a spatial divergence since it is not annihilated by one of the spatial
Euler operators. Consequently, for fluid flow with a non-isentropic equation of state, the
enstrophy integral (3.18) on any spatial domain V (t) transported in the fluid obeys
d
dt
∫
V (t)
ρf(̟/ρ)dnx =−m
∫
∂V (t)
eSf
′(̟/ρ)w · (∇S ∧ nˆ)dn−1σ
−m
∫
V (t)
eS∇ · ((w · ∇S)f
′(̟/ρ))dnx (3.27)
where the volume term that depends on the function eS is not conserved.
Essentially, the underlying reason for non-conservation of both the enstrophy integral
(3.18) and the helicity integral (3.4) for all non-isentropic equations of state is that eS =∫
ρ−2PSdρ is necessarily a non-constant function of ρ.
We now address the open questions of whether any generalizations of the helicity (3.4)
and enstrophy (3.18) are conserved for a non-isentropic equation of state or, more gener-
ally, whether the non-isentropic fluid equations (2.1)–(2.4) admit any conservation laws of
vorticity form
T (ρ, S,u, ∗(ωm)), m ≥ 1 (3.28)
where
∗ (ωm) =
{
̟ if n = 2m
̟ if n = 2m+ 1
(3.29)
is the vorticity scalar in even dimensions and the vorticity vector in odd dimensions, respec-
tively.
Theorem 3.1. For any non-isentropic equation of state (2.1) the only non-trivial vorticity
conservation laws (3.28) admitted for compressible fluid flow in dimensions n > 1 are given
by
d
dt
∫
V (t)
f(S)̟dnx =
∫
∂V (t)
eSw · (∇F (S) ∧ nˆ)d
n−1σ (3.30)
for even dimensions n = 2m, where f(S) = F ′(S) is a non-constant function of the entropy
S. In particular, there are no special equations of state for which additional vorticity conser-
vation laws are admitted in any even dimension, and no non-trivial vorticity conservation
laws are admitted in any odd dimension n > 1.
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The proof of this classification theorem will be given in Appendix B.
The even-dimensional vorticity conservation law (3.30) can be rewritten through integra-
tion by parts via the identities
̟ = w · ω = w · (∇∧ u), ∇ ·w = 0. (3.31)
This yields the equivalent conserved integral
d
dt
∫
V (t)
w · (u ∧∇f(S))dnx =
∫
∂V (t)
(
1
2
|u|2∇f(S)− eS∇F (S)
)
· (w · nˆ)dn−1σ (3.32)
where n = 2m. We then see that the case f(S) = S has the form of a circulatory entropy
d
dt
∫
V (t)
w · (u ∧ ∇S)dnx =
∫
∂V (t)
(
1
2
|u|2 − eSS
)
w · (∇S ∧ nˆ)dn−1σ (3.33)
which vanishes whenever the fluid flow is either irrotational, i.e. ω = 0 and thus w =
∗(ωm−1) = 0, or isentropic, i.e. S =const. and thus ∇S = 0. Hence, in the general case, the
conserved integral (3.32) can be understood to arise from conservation of circulatory entropy
(3.33) by the freedom to functionally redefine the entropy S to S˜ = f(S).
To conclude, we point out that the respective transport equations for the vorticity (3.29)
in even and odd dimensions each yield locally trivial conservation laws (therefore falling
outside of Theorem 3.1) in which
T = ∗(ωm) = ∇ · ∗(u ∧ ωm−1) = divΘ (3.34)
is a spatial divergence. In particular, in even dimensions n = 2m, we see the transport
equation (3.20) for ̟ takes the form of a conservation law (2.8) given by the conserved
density T = ̟ = ∇ · (w · u), with the moving spatial flux ξ = −meSw · ∇S obtained
from the identity (3.23). We note this is precisely the local conservation law that underlies
the conserved integral (3.30) when the fluid flow is isentropic. Similarly, in odd dimensions
n = 2m + 1 (m ≥ 1), by combining the transport equation (3.6) for ̟ with the curl
expression (3.11), we obtain a conservation law (2.8) where T = ̟ = ∇ · (W · u) is a
conserved vector-density and ξ = −u⊗̟ −meSW · ∇S is the moving spatial tensor-flux.
4. Constants of motion
A fluid conservation law in integral form (2.9) on a domain V (t) ⊂ Rn moving with the
fluid yields a constant of motion
d
dt
∫
V (t)
Tdnx = 0 (4.1)
if the net flux through the moving domain boundary ∂V (t) is zero for all solutions of the
Eulerian fluid equations (2.2)–(2.4). This condition has an equivalent formulation as a local
continuity equation in the form (2.8) such that the moving flux vector ξ is divergence free
in the domain V (t). Thus, a conserved density T determines a constant of motion (4.1) if
and only if
DtT +Dx · (uT ) = 0. (4.2)
The resulting conserved integral (4.1) will be called a moving-domain constant of motion
provided the conserved density is non-trivial, i.e. if T is not a spatial divergence divΘ such
that the vector Θ is a local function of t,x,u, ρ, S, and x-derivatives of u, ρ, S.
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Our classification of non-trivial kinematic and vorticity conservation laws in Theorems 2.1
and 3.1 provides an immediate corresponding classification of moving-domain constants of
motion of kinematic form (2.24) and vorticity form (3.28)–(3.29).
Proposition 4.1. For compressible fluid flow in n > 1 dimensions, the only kinematic
constants of motion
d
dt
∫
V (t)
T (t,x,u, ρ, S)dnx = 0 (4.3)
on an arbitrary moving domain V (t) transported by the fluid consist of mass∫
V (t)
ρdnx (4.4)
and generalized entropy ∫
V (t)
ρf(S)dnx (4.5)
where f is any non-constant function of S. These constants of motion hold for all equations
of state (2.1).
In particular, no additional kinematic constants of motion arise for any special (non-
isentropic or isentropic) equation of state or in any special dimension.
Proposition 4.2. There are no vorticity constants of motion
d
dt
∫
V (t)
T (ρ, S,u, ̟)dnx = 0 if n = 2m or
d
dt
∫
V (t)
T (ρ, S,u,̟)dnx = 0 if n = 2m+ 1
(4.6)
for compressible fluid flow with any non-isentropic equation of state (2.1) in n > 1 dimen-
sions. In the case of isentropic equations of state (2.5), where
e =
∫
ρ−2P (ρ)dρ (with eS = 0) (4.7)
is the internal (thermodynamic) energy density, the even-dimensional enstrophy∫
V (t)
ρf(̟/ρ)dnx (n = 2m) (4.8)
given by any nonlinear function f yields the only vorticity constant of motion on an arbitrary
moving domain V (t) transported by the fluid in n > 1 dimensions.
In addition to the classifications given by these two Propositions, we can consider non-
trivial constants of motion of the form
d
dt
∫
∂V (t)
Θ · nˆdn−1σ = 0 (4.9)
holding formally for all solutions of the fluid equations (2.2)–(2.4), where ∂V (t) is the moving
boundary of a domain V (t) transported by the fluid. Through the divergence theorem, any
conserved integral (4.9) arises from a locally trivial conserved density T = divΘ satisfying
the moving-flux condition (4.2) in the domain V (t). In particular, a vector function Θ yields
a non-trivial conserved integral (4.9) if and only if
DtΘ + u(∇ ·Θ) = Dx ·Ψ (4.10)
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holds for some antisymmetric tensor function Ψ in terms of t,x,u, ρ, S, and x-derivatives
of u, ρ, S. If Θ is not identically divergence-free, the resulting non-trivial conserved integral
(4.9) will be called amoving-boundary constant of motion. We remark that the corresponding
local continuity equation (4.10) can be viewed as a special type of lower-degree conservation
law [6].
For isentropic fluid flow, a well-known example of a moving-boundary constant of motion
is given by Kelvin’s circulation theorem [18] in n = 2 dimensions which states the circulation
of the fluid velocity around any closed curve transported in the fluid is a constant of the
fluid motion. The circulation integral has the form∮
C(t)
u · ds =
∮
C(t)
u · ∗nˆdσ =
∮
C(t)
ǫ · (u ∧ nˆ)dσ = −
∫
V (t)
̟d2x (4.11)
related to the two-dimensional vorticity scalar ̟ = ǫ · ω = ∗(∇ ∧ u) (defined in terms of
the spatial orientation tensor ǫ in R2), where C(t) is any closed curve bounding a domain
V (t) transported by the fluid in R2, ∗nˆ is a unit tangent vector along C(t) or equivalently
nˆ is a unit normal vector, and dσ is the arclength element for C(t). As shown in [5], the
circulation (4.11) has a generalization to all even dimensions n = 2m (m > 1):∮
∂V (t)
(u ∧ ωm−1) · dA =
∫
∂V (t)
(u ∧ ωm−1) · ∗nˆd2m−1σ = −
∫
V (t)
̟d2mx. (4.12)
This integral defines a constant of the fluid motion for isentropic fluid flow, where dA =
∗nˆd2m−1σ denotes the surface element for the moving-boundary hypersurface ∂V (t) in even
dimensions n = 2m analogously to ds = ∗nˆdσ for moving-boundary curves in two dimensions.
The natural question now arises as to whether the transport equations (3.20) and (3.6) for
the vorticity (3.29) in any even or odd dimension n > 1 yield a non-trivial constant of motion
(4.9) when the fluid flow is non-isentropic. Our classification proof for vorticity conservation
laws in Theorem 3.1 actually settles this question in a slightly more general form.
Proposition 4.3. For compressible fluid flow with any non-isentropic equation of state (2.1)
in n > 1 dimensions, there are no moving-boundary constants of motion (4.9) whose corre-
sponding local continuity equation (4.2) for T = divΘ is of vorticity form (3.28)–(3.29). In
the case of isentropic equations of state (2.5), the only moving-boundary constant of motion
with such a form is given by the generalized circulation (4.12) in all even dimensions.
In particular, for non-isentropic fluid flow, the vorticity transport equations written in the
moving-boundary form (3.34) show that
d
dt
∮
∂V (t)
(u ∧ ωm−1) · dA = m
∮
∂V (t)
eS(∇S ∧ ω
m−1) · dA (4.13)
in even dimensions n = 2m, while in odd dimensions n = 2m+ 1
d
dt
∮
∂V (t)
(u ∧ ωm−1) · dA = m
∮
∂V (t)
eS(∇S ∧ ω
m−1) · dA−
∮
∂V (t)
u ωm · dA (4.14)
with dA = ∗nˆd2m−1σ, where eS 6≡ 0 is a non-constant function of ρ for any non-isentropic
equation of state (2.1).
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5. Hamiltonian correspondence
A Hamiltonian formulation for the non-isentropic compressible Euler equations (2.1)–(2.4)
in n > 1 dimensions (cf [16]) is given by
∂t
 uρ
S
 = H
 δE/δuδE/δρ
δE/δS
 , E = 1
2
ρ|u|2 + ρe(ρ, S) = ρ
(
1
2
|u|2 +
∫
ρ−2P (ρ, S)dρ
)
, (5.1)
in terms of the Hamiltonian operator
H =
 ρ−1(∇∧ u)· −∇ ρ−1∇S−∇· 0 0
−(ρ−1∇S)· 0 0
 (5.2)
where E is the energy density of the fluid. This operator (5.2) determines a Poisson bracket
{F ,G}H =
∫ (
δF/δu δF/δρ δF/δS
)
H
 δG/δuδG/δρ
δG/δS
 dnx (5.3)
=
∫
ρ−1(∇∧ u) · (δF/δu ∧ δG/δu) + δG/δu · (∇δF/δρ− (ρ−1δF/δS)∇S)
− δF/δu · (∇δG/δρ− (ρ−1δG/δS)∇S) dnx
satisfying (modulo divergence terms) antisymmetry and the Jacobi identity [19], for arbitrary
functionals F =
∫
Fdnx and G =
∫
Gdnx where F and G are functions of t,x,u, ρ, S,
and x-derivatives of u, ρ, S. Here δ/δu, δ/δρ, δ/δS denote variational derivatives, which
respectively coincide with the spatial Euler operators Eu, Eρ, ES when acting on functions
that do not contain time derivatives of u, ρ, S.
Similarly to the isentropic case described in [5], the Hamiltonian operator H gives rise to
an explicit mapping
−H
 δT/δuδT/δρ
δT/δS
 = X̂
 uρ
S
 =
 ηˆηˆ
φˆ
 (5.4)
which produces infinitesimal symmetries X̂ = ηˆ⌋∂u + ηˆ∂ρ + φˆ∂S of the non-isentropic Euler
equations from conserved densities T . In particular, these components of the symmetry
generator
ηˆ = −ρ−1(∇∧u) ·δT/δu+∇δT/δρ−(ρ−1δT/δS)∇S, ηˆ = ∇·δT/δu, φˆ = ρ−1∇S ·δT/δu
(5.5)
will satisfy the infinitesimal invariance equations [19, 10]
Dtηˆ + u · ∇ηˆ + ηˆ · ∇u− ρ
−2ηˆ∇P + ρ−1∇(Pρηˆ + PSφˆ) = 0,
Dtηˆ +∇ · uηˆ + ρ∇ · ηˆ = 0, Dtφˆ+ ηˆ · ∇S + u · ∇φˆ = 0
(5.6)
for all solutions of the non-isentropic Euler equations (2.1)–(2.4).
Evaluating the mapping (5.4)–(5.5) for the kinematic and vorticity conserved densities
given by the conserved integrals in Theorems 2.1 and 3.1, we obtain the following two tables
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of symmetries, all of which can be written as point transformations X = τ∂t+ ξ⌋x+η⌋∂u+
η∂ρ + φ∂S given by
ηˆ = η − τ∂tu− ξ · ∇u, ηˆ = η − τ∂tρ− ξ · ∇ρ, φˆ = φ− τ∂tS − ξ · ∇S, (5.7)
where η, η, φ are functions of t,x, ρ, S,u, while τ , ξ are functions only of t, x.
For general non-isentropic equations of state (2.1):
Conserved Density T Conservation Law Symmetry X Description
ρ Mass 0 Nil
ρu Momentum ∂x Space translations
ρu ∧ x Angular Momentum x ∧ ∂x + u ∧ ∂u Rotations
ρ(tu− x) Galilean Momentum t∂x + ∂u Galilean boosts
1
2
ρ|u|2 + ρe Energy ∂t Time translation
ρS Volumetric Entropy 0 Nil
̟S ≡ ∗(ωm−1 ∧ u ∧∇S) Circulatory Entropy (n = 2m) 0 Nil
Here e is the internal (thermodynamic) energy density (2.17). Note the entropy (per unit
mass) S can be replaced by an arbitrary function f(S).
For polytropic equations of state (2.25):
Conserved Density T Conservation Law Symmetry X Description
tE − 1
2
ρ(u · x) Similarity Energy
t∂t +
1
2
x⌋∂x
−1
2
u∂u −
1
2
nρ∂ρ
Similarity Scaling
t2E − tρ(u · x) + 1
2
ρ|x|2 Galilean Energy
t2∂t + tx⌋∂x
−(tu − x)∂u − ntρ∂ρ
Galilean Dilation
Here E = ρ(1
2
|u|2 + e) = 1
2
ρ|u|2 + 1
2
nκ(S)ρ1+2/n is the polytropic energy density.
As none of these symmetry generators X contain the pressure p, we see that the symmetry
structure produced via the Hamiltonian mapping (5.5) for the non-isentropic Euler equations
(2.1)–(2.4) is the same as in the isentropic case presented in [5]. This structure can be
geometrically summarized as follows.
Recall, the Killing equation on Rn is given by
Lζg = 0 (5.8)
for a vector ζ(x), where L denotes the Lie derivative and g is the Euclidean metric tensor.
Also recall, a vector ζ(x) is irrotational on Rn if ∇∧ ζ = 0.
Proposition 5.1. (i) For a general equation of state (2.1), the Hamiltonian symmetries
corresponding to the kinematic conserved densities for energy (2.15), momentum (2.12),
angular momentum (2.13) and Galilean momentum (2.14) comprise the generators of the
Galilean group in n > 1 dimensions given by
X = ∂t, X = ζ⌋∂x +
1
2
u · (∇∧ ζ)⌋∂u, X = tχ⌋∂x + χ⌋∂u, (5.9)
in terms of solutions ζ(x) of the Killing equation, and irrotational solutions χ(x) of the
Killing equation. (ii) The additional Hamiltonian symmetries, consisting of the similarity
scaling and Galilean dilation which correspond to the generalized energy densities (2.20)
and (2.21) in the case of a polytropic equation of state (2.25), generate an extension of the
Galilean group given by
X = ∂t, X = λt∂t + ζ⌋∂x −
1
2
λnρ∂ρ +
1
2
(u · (∇∧ ζ)− λu)⌋∂u,
X = 1
2
σt2∂t + tχ⌋∂x −
1
2
σntρ∂ρ + (χ−
1
2
tσu)⌋∂u,
(5.10)
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where the vector ζ(x) is the solution of the homothetic Killing equation Lζg = λg, λ =const.,
and the vector χ(x) is the irrotational solution of the homothetic Killing equation Lχg = σg,
σ =const..
In contrast, the conserved densities for mass (2.11), generalized entropy (2.18), and circu-
latory entropy (3.32) (or equivalently (3.30)) are mapped into the trivial symmetry X = 0.
These conserved densities comprise all of the Hamiltonian Casimirs for the non-isentropic
Euler equations (2.1)–(2.4) in n > 1 dimensions.
6. Gas Dynamics Conservation Laws
The Euler equations (2.1)–(2.4) for non-isentropic compressible fluid flow have an equiva-
lent formulation in which the equation of state (2.1) is inverted to give entropy as a function
of pressure and density, S = S(p, ρ) with ∂S/∂p 6≡ 0. The entropy transport equation (2.4)
then becomes
∂tp + u · ∇p+ F (p, ρ)∇ · u = 0 (6.1)
in terms of the function
F (p, ρ) = −ρ
∂S/∂ρ
∂S/∂p
(6.2)
which replaces the equation of state (2.1). For any specific choice of F (p, ρ), the entropy
function S(p, ρ) can be recovered as a solution of the linear equation
ρSρ + F (p, ρ)Sp = 0. (6.3)
In particular, we can identify S(p, ρ) with the constant of integration arising from the char-
acteristic ODE
dp
dρ
= F (p, ρ)/ρ. (6.4)
Note that the simple state function
F = γp, γ = const. (6.5)
corresponds to a polytropic equation of state (2.25) which is equivalent to an entropy function
of the form S = S(p/ργ).
The resulting formulation of compressible fluid flow thus consists of the dynamical equa-
tions (6.1), (2.2), (2.3) for pressure p, velocity u, and density ρ, respectively. These are
precisely the equations of adiabatic gas dynamics [26]. Physically, the state function F (p, ρ)
is then related to the sound speed c in the gas by F/ρ = c2 as seen from equation (6.4).
The state function also determines the internal energy density e of the gas from the ther-
modynamic relations de = −pd(1/ρ) = eρdρ + epdp combined with equation (6.4), which
yields
ρeρ + F (p, ρ)ep =
p
ρ
(6.6)
for the function e(p, ρ). Note the homogeneous part of this linear equation (6.6) involves the
same linear differential operator ρ∂ρ + F (p, ρ)∂p appearing in the entropy equation (6.3), so
thus the general homogeneous solution of equation (6.6) is given by f(S(p, ρ)) in terms of
any particular solution of equation (6.3), where f is an arbitrary function of S(p, ρ).
Since the dynamical pressure equation (6.4) is related to the entropy transport equation
(2.4) by an invertible change of variables p = P (ρ, S) ↔ S = S(p, ρ) (i.e. a point transfor-
mation) when Sp 6≡ 0 or PS 6≡ 0, there is consequently a one-to-one correspondence between
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the local conservation law structure of the gas dynamics equations (6.1), (6.2), (2.2), (2.3)
and the non-isentropic Euler equations (2.1)–(2.4), as shown by general results in [11, 10].
A complete classification of kinematic and vorticity conservation laws for gas dynamics in
n > 1 dimensions now follows as a corollary to Theorems 2.1 and 3.1.
Theorem 6.1. (i) For a general state function F (p, ρ), all gas dynamics conserved densities
of kinematic form T (t,x,u, ρ, p) in any dimension n > 1 are given by a linear combination
of the conservation laws for mass (2.11), momentum (2.12), angular momentum (2.13),
Galilean momentum (2.14), plus energy (2.15) and volumetric entropy (2.19) where e =
e(p, ρ) is any non-homogeneous solution of the thermodynamic energy equation (6.6) and
S = S(p, ρ) is the general solution of the entropy equation (6.3). (ii) The only state function
F (p, ρ) for which additional kinematic conserved densities arise is the polytropic case (6.5)
with dimension-dependent coefficient γ = 1+2/n. The admitted conservation laws consist of
the similarity energy (2.20) and the Galilean energy (2.21) given in terms of the polytropic
energy density (2.23).
Theorem 6.2. (i) For a general state function F (p, ρ), all gas dynamics conserved densities
of vorticity form T (ρ, p,u, ̟) if n = 2m or T (ρ, p,u,̟) if n = 2m+1 (with m ≥ 1) consist
of the conservation law for circulatory entropy (3.33) in even dimensions, as expressed in
terms of w = ∗(ωm−1), ∇S = Sp(∇p− ρ
−1F (p, ρ)∇ρ), and eS = ep/Sp, where S = S(p, ρ)
is the general solution of the entropy equation (6.3), e = e(p, ρ) is any non-homogeneous
solution of the thermodynamic energy equation (6.6), and w is an antisymmetric tensor
related to the vorticity scalar ̟ by the identities (3.31). (ii) There are no state functions
F (p, ρ) for which additional vorticity conserved densities arise in any even or odd dimension
n > 1.
7. Multipliers
In index notation, the Euler equations for inviscid non-isentropic compressible fluid flow
on Rn in Cartesian coordinates xi (i = 1, . . . , n) are given by
uit + u
jui,j + ρ
−1p,
i = 0, (7.1)
ρt + (ρu
i),i = 0, (7.2)
St + u
iS,i = 0, (7.3)
together with the equation of state
p = P (ρ, S), PS 6≡ 0. (7.4)
Similarly to the isentropic case studied in [5], any local conservation law DtT+DiX
i = 0 that
holds formally for all solutions of these equations (7.1)–(7.4) can be written in an equivalent
characteristic form
DtT +DiX˜
i = (uit+ u
jui,j + ρ
−1Pρρ,
i + ρ−1PSS ,
i)Qi + (ρt + (ρu
i),i)Q+ (St + u
iS,i)R (7.5)
in terms of the multipliers
Qui = Eui(T ), Q
ρ = Eρ(T ), Q
S = ES(T ). (7.6)
In this formulation ui, ρ, S are given by arbitrary functions of t and xi, with X˜ i differing
from X i by terms that are linear homogeneous in the fluid equations (7.1)–(7.3) and their
total spatial derivatives. Since the spatial Euler operators Eui , Eρ, ES annihilate any spatial
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divergence DiΘ
i, there is then a one-to-one correspondence between nontrivial conserved
densities T (modulo spatial divergences) and non-zero multipliers {Qui , Q
ρ, QS}.
Necessary and sufficient equations for determining multipliers (7.6) are given by apply-
ing variational derivative operators δ/δui, δ/δρ, δ/δS to the characteristic equation (7.5),
yielding a linear homogeneous polynomial system in uit, ρt, St, u
i
t,j , ρt,j , St,j , etc. whose
coefficients must separately vanish. The resulting determining equations for Qui , Q
ρ, QS
consist of the adjoint of the determining equations for symmetries (5.6), plus additional
integrablity equations (Helmholtz conditions) for Qui , Q
ρ, QS to have the variational form
(7.6). Thus, multipliers can be characterized as adjoint-symmetries that have a variational
form [2, 3, 4, 10]. Moreover, the corresponding conserved density T (up to an arbitrary
spatial divergence) can be constructed explicitly from the multipliers Qui , Q
ρ, QS by means
of homotopy integral formulas [19, 4, 10] or by an algebraic scaling formula [1] based on
invariance of the fluid equations under dilations t → λt, xi → λxi. The determination of
multipliers and hence of conservation laws is thereby reduced to an adjoint version of the
determination of symmetries.
To conclude, in the following two tables we list the multipliers for, firstly, the non-isentropic
kinematic conservation laws (2.11)–(2.15) and the non-isentropic vorticity conservation laws
(3.30) and (equivalently) (3.32)–(3.33), all of which hold for a general equation of state (2.1);
and, secondly, the extra non-isentropic kinematic conservation laws (2.20)–(2.21) holding
only for the distinguished polytropic equation of state (2.25).
Conserved density T Description Qui = δT/δu
i Qρ = δT/δρ QS = δT/δS
ρ Mass 1 0 0
ρuk Momentum ρδki u
k 0
ρ(ujxk − ukxj) Angular momentum ρ(xkδji − x
jδki ) u
jxk − ukxj 0
ρ(tuk − xk) Galilean momentum ρtδki tu
k − xk 0
ρ(1
2
ukuk + e) Energy ρui
1
2
ukuk + e+ ρeρ ρeS
ρS Volumetric entropy 0 S ρ
̟S Circulatory S ,
j∂̟/∂ωij 0 ̟
≡ ∗(ωm−1)iju
iS ,
j entropy (n = 2m)
Conserved density T Description Qui = δT/δu
i Qρ = δT/δρ QS = δT/δS
tE − 1
2
ρukxk Similarity Energy ρ(tui −
1
2
xi)
1
2
uk(tuk − xk) teS
+t(1 + 1
2
)nκ(S)ρ2/n
t2E − ρ(tuk − 1
2
xk)xk Galilean Energy tρ(tui − xi)
1
2
(tuk − xk)(tuk − xk) t
2eS
+t2(1 + 1
2
n)κ(S)ρ2/n
Here E = ρ(1
2
ukuk + e) =
1
2
ρukuk +
1
2
nκ(S)ρ1+2/n is the polytropic energy density, in terms
of the internal energy density e = 1
2
nκ(S)ρ2/n.
Appendix A. Proof of Theorem 2.1 and Proposition 4.1
The time derivative of a kinematic conserved density T (t, xi, ρ, ui, S) is given by
DtT = −TSu
iS,i − Tρ(u
iρ,i + ρu
i
,i)− Tui(u
jui,j + ρ
−1P,
i) + Tt. (A.1)
By applying each Euler operator Eρ, ES, Eui to (A.1), we get three linear inhomogeneous
expressions in uj ,j, u
j
,i, ρ,
j, S,
j, whose coefficients must separately vanish. This yields the
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system of determining equations
ρ−1PSTuixi + TSxiu
i + TtS = 0, (A.2)
ρTρxi + Tuixju
j + Ttui = 0, (A.3)
Tρxiu
i + ρ−1PρTuixi + Ttρ = 0, (A.4)
(ρTρS − TS)δij − ρ
−1PSTuiuj = 0, (A.5)
ρ2Tρρδij − PρTuiuj = 0, (A.6)
(ρTuiρ − Tui)PS − ρPρTuiS = 0, (A.7)
ρTuiρ − Tui = 0, (A.8)
to be solved for T . Here δij = δ(ij) ↔ g denotes the Cartesian components of the Euclidean
metric tensor on Rn.
We start by integrating equation (A.8) with respect to ρ and ui, yielding
T = ρf(t, xi, ui, S) + g(t, xi, ρ, S). (A.9)
Now substituting (A.9) into (A.7) we get fuiS = 0 and then integrating gives
f = f˜(t, xi, ui) (A.10)
where an integration constant c(t, xi, S) has been dropped since we can absorb ρc(t, xi, S)
into the term g(t, xi, ρ, S) in (A.9).
Next, substituting (A.9) and (A.10) into both (A.6) and (A.5), we obtain
ρgρρδij − f˜uiujPρ = 0, (A.11)
(ρgρS − gS)δij − f˜uiujPS = 0. (A.12)
Separation of (A.11) with respect to ui yields the equations
f˜uiuj = c(t, x
k)δij , (A.13)
gρρ = c(t, x
k)ρ−1Pρ, (A.14)
where c(t, xk) is a separation constant. Substituting (A.13) into (A.12), we get
ρgρS − gS = c(t, x
k)PS. (A.15)
By writing (A.12) and (A.15) as (ρgρ − g − cP )ρ = (ρgρ − g − cP )S = 0, then integrating
with respect to ρ and S, we obtain a first-order linear equation with respect to ρ,
ρgρ − g = cP − c1(t, x
i). (A.16)
Integration of (A.16) and (A.13) then yields
f˜ = c˜j(t, x
i)uj + 1
2
c(t, xi)ujuj, g = ρ
−1c1(t, x
i) + c(t, xi)
∫
ρ−2P (ρ, S)dρ, (A.17)
after integration constants have been absorbed as before. Consequently, from (A.9) we have
T = c1(t, x
i) + c2(t, x
i, S)ρ+ c˜j(t, x
i)ρuj + c(t, xi)(1
2
ρujuj + ρe(ρ, S)) (A.18)
which gives the general solution of the determining equations (A.8),(A.7),(A.6),(A.5), with
e(ρ, S) given by (2.17) in terms of P (ρ, S). Note the term c1 in (A.18) is a trivial conserved
density, and so we will put c1 = 0.
By substituting (A.18) into the remaining determining equations (A.4), (A.3), (A.2), we
get a system of equations to be solved for c(t, xi), c˜j(t, x
i), c2(t, x
i, S), c1(t, x
i):
cxi = 0, (A.19)
c˜jxi + c˜ixj + ctδij = 0, (A.20)
c2xi + c˜it = 0, (A.21)
c˜ixiPρ + cte+ ctρeρ + c2t = 0, (A.22)
c˜ixiPS + ctρeS + ρc2St = 0, (A.23)
c2Sxi = 0. (A.24)
To begin, we note (A.19) implies c = c(t), and hence (A.20) has the form of a time-
dependent homothetic Killing vector equation on c˜i. Its solution consists of a linear polyno-
mial in xi given by
c˜i = C0i(t) + C1ij(t)x
j − 1
2
c′(t)xi, C1ij(t) = −C1ji(t). (A.25)
Then, using the trace of (A.20) in (A.22), followed by differentiating with respect to xi, we
find
c2txi = 0. (A.26)
Integration of (A.24) and (A.26) gives
c2 = c˜2(t, S) + cˆ2(x
i). (A.27)
Substituting (A.27) and (A.25) into (A.21), we get
cˆ2xi = −C
′
0i − C
′
1ijx
j + 1
2
c′′xi. (A.28)
By differentiating with respect to xj and antisymmetrizing in i, j, we find C ′1ij = 0, so thus
C1ij is constant. Integration of (A.28) thus yields
cˆ2 = C2 − C
′
0ix
i + 1
4
c′′xix
i (A.29)
where C2 is a constant. Then, differentiating (A.29) with respect to t, we get −C
′′
0ix
i +
1
4
c′′′xix
i = 0 which splits with respect to xi into C ′′0i = 0, c
′′′ = 0. Hence we obtain
C0i = a0i + a1it, c = b0 + b1t+ b2t
2, (A.30)
and, from (A.25) and (A.29),
c˜i = a0i + a1it + C1ijx
j − 1
2
(b1 + b2t)xi, cˆ2 = C2 − a1ix
i + 1
2
b2x
ixi, (A.31)
where a0i,a1i,b0, b1, b2 are constants. Now, through (A.31), we can rewrite (A.22) and (A.23)
as
c′(−1
2
nP + ρe)ρ = −(ρc˜2t)ρ, c
′(−1
2
nP + ρe)S = −(ρc˜2t)S. (A.32)
Integrating (A.32) with respect to ρ and S, we obtain
(ρe− 1
2
nP )c′ + ρc˜2t = a(t). (A.33)
By considering the separation of (A.33) with respect to ρ, we have the following two cases.
Case c′ = 0: Here c = const. = b0 and hence b1 = b2 = 0 in (A.30). Now splitting (A.33)
with respect to ρ yields a = 0 and c˜2t = 0, so thus
c˜2 = b(S) (A.34)
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where, through (A.27), we have absorbed an integration constant into C2. Hence, (A.18)
reduces to
T = C2ρ+ b(S)ρ+ a0iρu
i + a1iρ(tu
i − xi) + C1ijρu
ixj + b0(
1
2
ρuiui + ρe(ρ, S)) (A.35)
with arbitrary constants a0i, a1i, b0, C1ij = −C1ji, C2, and an arbitrary function b(S), where
e(ρ, S) is given by (2.17).
Case c′ 6= 0: Dividing (A.33) by ρ, then differentiating with respect to ρ and multiplying
by ρ2, we get ρ2c′(eρ −
1
2
n(ρ−1P )ρ) = −a which separates with respect to t and S into the
equations
ρ2(eρ −
1
2
n(ρ−1P )ρ) = d, (A.36)
c′d = −a, (A.37)
where d is a constant of separation. Substituting e from (2.17) into (A.36), we obtain a first-
order linear equation with respect to ρ, −1
2
nρPρ + (1 +
1
2
n)P = d, whose general solution is
given by
P (ρ, S) = κ(S)ρ1+2/n + d/(1 + n/2). (A.38)
Since we can (without loss of generality) shift the pressure P by an arbitrary constant, we
put d = 0. Then, (A.37) yields a = 0, while (2.17) becomes
e(ρ, S) = 1
2
nρ−1P + e˜(S). (A.39)
Substituting (A.39) into (A.33), we get c′e˜(S) + c˜2t = 0 which gives
ce˜+ c˜2 = b(S). (A.40)
As a result, (A.18) becomes
T =C2ρ+ b(S)ρ+ a0iρu
i + a1iρ(tu
i − xi) + C1ijρu
ixj + b0
(
1
2
ρuiui +
1
2
nκ(S)ρ1+2/n
)
+ b1
(
t(1
2
ρuiui +
1
2
nκ(S)ρ1+2/n)− 1
2
ρxiui
)
+ b2
(
t2(1
2
ρuiui +
1
2
nκ(S)ρ1+2/n)− tρxiui
)
(A.41)
with arbitrary constants a0i, a1i,b0, b1, b2, C1ij = −C1ji, C2, and an arbitrary function b(S).
Also, (A.38) and (A.39) respectively reduce to
P (ρ, S) = κ(S)ρ1+2/n, e(ρ, S) = 1
2
nκ(S)ρ2/n. (A.42)
Appendix B. Proof of Theorem 3.1 and Propositions 4.2 and 4.3
To begin, we write out the component form of the fluid curl, the vorticity scalar and
vector, along with their transport equations:
ω ↔ ωij = 1
2
(ui,
j − uj ,
i) = u[i,
j], (B.1)
̟ ↔ ̟ = ǫi1j1···imjmωi1j1 · · ·ωimjm, m = n/2, (B.2)
̟ ↔ ̟i = ǫij1k1···jmkmωj1k1 · · ·ωjmkm, m = (n− 1)/2, (B.3)
ωijt = (ukω
ki),
j − (ukω
kj),
i = uk,
iωjk − uk,
jωik − ukωij,k, (B.4)
̟t = −(̟u
i + ρ−1wijP,j),i = −̟u
i
,i − u
i̟,i + ρ
−2PSw
jkρ,jS,k, (B.5)
̟it = (̟
jui −̟iuj − ρ−1W ijkP,k),j = ̟
jui,j −̟
iuj ,j − u
j̟i,j + ρ
−2PSW
ijkρ,jS,k. (B.6)
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In addition, we will need the component form for
w↔ wij = ǫiji1j1···im−1jm−1ωi1j1 · · ·ωim−1jm−1 , m = n/2, (B.7)
W↔ W ijk = ǫijkj1k1···jm−1km−1ωj1k1 · · ·ωjm−1km−1 , m = (n− 1)/2, (B.8)
∇̟ ↔ ̟,i = w
jkωjk,i, ∇̟ ↔ ̟
j
,i = W
jklωkl,i, (B.9)
along with the identities
w(ij) = 0, wij ,j = 0, nw
ijωkj = ̟δ
i
k (B.10)
W i(jk) =W (ij)k = 0, W ijk,k = 0, (B.11)
̟i,i = 0. (B.12)
Here ǫi1···in = ǫ[i1···in] ↔ ǫ, δij = δ(ij) ↔ g are the Cartesian components of the spatial orien-
tation tensor and the Euclidean metric tensor on Rn; round brackets denote symmetrization
of the enclosed indices, and square brackets denote antisymmetrization.
We proceed by explicitly solving the determining equations (2.10) for conserved densities
of vorticity type in even and odd dimensions n > 1.
Case n = 2m: For a conserved density of the form T (S, ρ, ui, ̟), the time derivative is
given by
DtT = Di(−u
iT ) + ui,iA− ρ
−1(Pρρ,
i + PSS,
i)Tui + ρ
−2PSw
ijρ,iS,jT̟ (B.13)
after use of identities (B.10), where
A = T − ρTρ −̟T̟. (B.14)
We begin by substituting (B.13) into the determining equations
0 = ES(DtT ) =u
ijρ−2PS(ρTuiuj +mρ,
kwikTuj̟) + ρ,
iρ−2PS(ρTuiρ +
1
2
̟Tui̟ − Tui − fTuiS)
+̟,
iρ−2PS(ρTui̟ −mwijρ,
jT̟̟) + truAS (B.15)
and
0 = Eρ(DtT ) =u
ijρ−2PS(fTuiuj −mS,
kwikTuj̟) + S,
iρ−2PS(Tui −
1
2
̟Tui̟ − ρTuiρ)
+̟,
iρ−2PS(fTui̟ −mwijS,
jT̟̟) + truAρ (B.16)
where we have introduced the notation
tru = δiju
ij = ui,i, u
ij = 1
2
(ui,
j + uj ,
i) = u(i,
j), f = ρPρ/PS. (B.17)
Since T does not contain any derivatives of ̟, S and ρ, the coefficients of the separate terms
̟,
iS,
j , ̟,
iρ,
j , and ̟,
i in both (B.15) and (B.16) must vanish, yielding
T̟̟ = 0, Tui̟ = 0. (B.18)
Integrating (B.18), and dropping a kinematic term c(S, ρ, ui) that does not involve ̟, we
get
T = a(S, ρ)̟. (B.19)
Then (B.15) and (B.16) reduce to 0 = truAS = truAρ, and hence we have 0 = AS = Aρ
which gives
(ρaρ)S = (ρaρ)ρ = 0. (B.20)
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Integration of these first-order linear equations for aρ yields
a = b(S) + c ln ρ, c = const.. (B.21)
Thus from (B.19) and (B.21) we have
T = b(S)̟ + c̟ ln ρ (B.22)
and
DtT = Di(−u
iT )− c̟ui,i + (b(S) + c ln ρ)ρ
−2PSw
ijρ,iS,j. (B.23)
The third term in (B.23) can be written as a spatial divergence −Di(B(S, ρ)w
ijρ,j) =
wijBSρ,iS,j through the identities (B.10), where B(S, ρ) satisfies BS = ρ
−2(b(S) + c ln ρ)PS.
Thus, (B.23) becomes
DtT = −Di(u
iT +Bwijρ,j)− c̟u
i
,i. (B.24)
Now we substitute (B.24) into the final determining equation
0 = Eui(DtT ) = c̟,i +mctru,
jwji (B.25)
Since ̟ has no dependence on uij (which is linearly independent of ωij), we obtain
c = 0. (B.26)
Therefore, (B.26) and (B.22) give the result
T = b(S)̟ (B.27)
with
DtT = −Di(u
ib(S)̟ +B(S, ρ)wijρ,j), B(S, ρ) = ρ
−2
∫
b(S)PS(S, ρ)dS. (B.28)
We now note that if b = const. then (B.27) is a trivial conserved density
T = b̟ = b(wijuj),i = Di(bw
ijuj). (B.29)
Its corresponding moving-flux ξi = bρ−2Pwijρ,j is non-vanishing due to the form of (B.28).
This completes the proof in the even-dimensional case.
Case n = 2m+ 1: For a conserved density T (S, ρ, ui, ̟i), similarly to the previous case,
its time derivative is given by
DtT = Di(−u
iT ) + ui,i(T − ρTρ −̟
jT̟j)− ρ
−1(Pρρ,
i + PSS,
i)Tρui + ρ
−2PSW
ijkρ,jS,kT̟i.
(B.30)
The determining equations 0 = ES(DtT ) and 0 = Eρ(DtT ) then yield
0 =̟i,
jρ−2PS(ρTuj̟i + ρ,
lWil
kT̟k̟j) + ρ
−2PSρ,
i(ρTuiρ − Tui − fTuiS −Wij
kωjlTul̟k)
+ uij(̟jT̟iS + ρ
−1PSρTuiuj + ρ
−2PSρ,
lWil
kT̟kuj) + tru(TS − ρTρS −̟
iT̟iS) (B.31)
and
0 =̟i,
jρ−2PS(fTuj̟i − S,
lWil
kT̟k̟j ) + ρ
−2PSS,
i(fTuiS + Tui − ρTuiρ +Wij
kωjlTul̟k)
+ uij(̟jT̟iρ + ρ
−1PρTuiuj − ρ
−2PSS,
lWil
kT̟kuj)− tru(ρTρρ +̟
iTρ̟i) (B.32)
using the notation (B.17). Since T does not contain any derivatives of ̟i, the first term in
both (B.31) and (B.32) must vanish modulo the identity (B.12). This implies
T̟j̟k = 0, (B.33)
Tui̟j = a(ρ, u
k, ̟k)δij. (B.34)
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Applying the derivative operator ∂uk to (B.34), antisymmetrizing in [jk], and taking the
trace over (ij), we get (n− 1)auk = 0. Hence, in n > 1 dimensions,
auk = 0. (B.35)
By also applying the derivative operator ∂̟k to (B.34), we similarly get
a̟k = 0. (B.36)
Integration of (B.33), (B.34), (B.35), (B.36) then yields
T = a(S, ρ)ui̟i + bi(S, ρ)̟
i. (B.37)
Here we have dropped an integration constant c(S, ρ, ui) since it does not involve ̟i (i.e. it
is of kinematic form).
The determining equations (B.31) and (B.32) thereby reduce to
0 = uijBiS̟j − ρtru̟
iBiSρ + ρ,
i̟iρ
−2A, (B.38)
0 = uijBiρ̟j − tru̟
i(ρBiρρ +Biρ)− S,
i̟iρ
−2A, (B.39)
with coefficients
A = (ρaρ − faS − (m+ 1)a)PS, (B.40)
Bi = aui + bi. (B.41)
In (B.38) and (B.39) the respective coefficients of the terms ρ,
i and S,
i must vanish, which
yields A = 0. Since PS 6≡ 0, we get
0 = ρaρ − faS − (m+ 1)a. (B.42)
Then, since the coefficient of uij must vanish in both (B.38) and (B.39), we obtain
̟(jBi)S = ̟
kρBkρSδij , (B.43)
̟(jBi)ρ = ̟
k(ρBkρ)ρδij . (B.44)
By taking the product of (B.43) with ̟l̟h and antisymmetrizing in [ih] and [jl], we find
ρ̟kBkρS̟[hδi][j̟l] = 0. This implies BkρS = 0. The same antisymmetric product applied to
(B.44) then implies (ρBkρ)ρ = 0. Hence (B.43) and (B.42) become ̟(jBi)S = ̟(jBi)ρ = 0,
which yields
BiS = Biρ = 0. (B.45)
From (B.41) and (B.42) we thus obtain
a = 0, bi = const.. (B.46)
Hence (B.37) reduces to
T = bi̟
i = Dj(biW
ijkuk) (B.47)
which is a trivial conserved density, with
DtT = Di(bj(2u
[j̟i] −W ijk(ρ−1),k)) (B.48)
as given by (B.30) combined with the identities ui,j̟
j = Dj(u
i̟j) and ρ−2PSW
ijkρ,jS,k =
−W ijk(ρ−1),jP,k = Dk(−W
ijkP (ρ−1),j) obtained via (B.12) and (B.11). The corresponding
moving-flux has the form ξi = −bj(u
j̟i + ρ−2W ijkρ,k) which is non-vanishing.
This completes the proof in the odd-dimensional case.
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